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896. 
A TRANSFORMATION IN ELLIPTIC FUNCTIONS. 


From the Quarterly Journal of Pure and Applied Mathematics, vol. xxiv. (1890), 
) 
pp. 259—262.] 


THE formula in question is given in Klein’s Memoir “Ueber hyperelliptische 
Sigmafunctionen,” Math, Ann. t, XXVII. (1886), pp. 431—464, see p, 454, in the form 


_[® (ede) _MFO}VEW}+FO y) 
u| aro O= 2 (ay)? 


(the discovery of it being ascribed to Weierstrass); and it is also given in Halphen’s 
Traité des Fonctions Elliptiques, t. 11. (1888), p. 357. 


The algebraic foundation of the theorem is as follows: writing 


=} {v(ae) +c}, 


and as usual J, J for the two invariants of the quartic function (a, b, c, d, eva, yý, we 
have identically, as is easily verified, 


42 —Iz—J ={dy(a)+ bv(e)}, 
V(428—Iz—J) = dy(a) +b V(e). 


or say 


Hence putting 
A = (a, b, C, d, et, a), 


B= (a, Va, wa)? (Yi Yo), 


E= (a, Ww, Yo)" ; 


N= LY2— LY, 


and 
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so that 
MI = AE -— 4BD +80, 


MJ = ACE — AD — BE + 2BCD — 0”, 
then writing 


=, {y(AE) + 0}, 


so that A%z is a bipartite irrational quadric function of the variables (m, #) and 
(Y Yo), we have 


Vae — Iz- J) = (D(A) + BV(B)), 


and we thence infer the existence of a transformation 


dz mi mdt — vada  y,dy,— Yd 
(4z —Iz—J) mi V(A) j V(£) |- 


But for the verification hereof and a direct determination of the value of M, observe 
that we have 


= aD Tay t UC — (AE) + 0} 5 arf, 


where, attending only to.the terms in da, da, 
dA =4 {(a, b, c, d\a,, 2) dæ, + (b, c, d, ewi, x2)? dx}, 
= 4 (Ada, + Ads), suppose ; 
C =(a, b, chm, YY Le +2 (b, c, diy, Y) tr Hle, d, evy, yo)? x, 
= Em? + 2E, w, + Ew, suppose ; 
and therefore 
dO =2 {(£,a, + E2) da, + (Epu, + Ezt) dæ). 
Hence 


d= a ay tas den; + Ayde,) aa + Bini) 


+ 2 (Bye + Bay) ery ~ [V(4E) + 0} = (yda, = nde) 


The whole coefficient herein of dz, is 


V(£) VAL) + C 
~ 2 ays + (E w + Ezta) — “4 ash 
which is 


1 
= gay MVE) + (Ea + Ese) (4) — [A (E) + OCA) y) 


1 
ee i {[— Cy, +A (E,a, + Eya)] f(A) + [4A — Ay] (E), 
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which is 
l | 
= Xray ID WA) + BVH); 


and similarly the whole coefficient of dz, is 


1 
-yya (0) {DV(A)+ BB). 


Hence the terms in da,, dæ, are together 


Dif(A)+ BE 
= Tp de ae lak 
and since the terms in dy,, dy, are of the like form, we have 
mae i 1 Che eS DAAR 
dz= {aay ada mdm) Tm) (ndy: Hd) RE EIRT 
and combining herewith the foregoing value 
Jäs- Ie ~ n- 2VDE NB) 


we have the required formula 


dz is {ac — vda 4 ydy E pan 
Jas lesd) | J) w 


As a very simple verification, suppose a=1, b=c=d=e=0; then 


CA BO; D, E) = (2,4, LY, LY", Yè, yt), 


and if A = ŅY2— əy as before, then 


zy 2y? : 

= (ays Sag E í 

where 
ce) E 

LY — LY 0 1 1 

Also [=0, J=0, and consequently 
dz = de 80 _ dy ndo yiya ydy 
V(4e8—Iz-J) 2/(2) & a, Yr 


which, in virtue of the foregoing values of A, Ẹ, is 


Ly di, T LAX, Yı dy F Yodyy 


tie. <) t i E L F5 


31 


I remark that an even more simple transformation from the general quartic 
radical to the Weierstrassian cubic radical was obtained by Hermite; this is alluded 
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to in my “Note sur les Covariants, &c,” Crelle, t. L. (1855), pp. 285—287, [135], 
and is given with a demonstration in my paper “Sur quelques formules pour la trans- 
formation des intégrales elliptiques,” Crelle, t. LV. (1858), pp. 15—24, [235], see No. Iv.; 
viz. from the identical relation JU®— JU?H + 4H*=-— ®*, which connects the covariants 
of a quartic function, it at once follows that if 


U=(a, b,:0, d; ea, 1), 
and H is the Hessian hereof, 
H=(ac—b*, (ad—bc), ae+2bd—3c?, 2(be— cd), ce— de, 1); 
then writing 
vee 
=J 
we have 


dz yA 2dæ 
V(- 42 +2I—J) V/{(a, b, c, d, ea, LÙ}? 


which is the transformation in question. 
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